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Optimal design of packed bed cells for high conversion
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In connection with the electrochemical purification of metal containing waste waters, the realization of
a high concentration decrease per pass is one of the goals of design optimization. For a packed bed cell
with crossed current and electrolyte flow directions high conversion in conjunction with a large space
time yield requires limiting current conditions for the whole electrode. For establishing the concentra-
tion profiles in the direction of flow a plug flow model is used. These considerations result in a new
packed bed electrode geometry for which an analytical bed depth function is derived. The basic engin-
eering equations of such packed bed electrodes are given, and design equations for different arrange-
ments are developed. The reliability of this scaling-up method is shown by comparison of theoretically
predicted and experimental performance data of two cells. Engineering aspects such as easy matching of
cells to waste water properties and parametric sensitivity are discussed. Some technical applications are

reported.

1. Introduction

In recent years increasing efforts have been made
on the development of electrochemical processes
for metal ion removal from waste water. Since at
small concentrations the current density is limited
by diffusion, only electrode systems which provide
a large specific electrode surface work in an eco-
nomic way. Consequently, three-dimensional
electrode systems such as packed bed cells [1-5],
fluidized bed cells [6~10], and cells of the ‘swiss
roll type’ [11-15] are suggested and have been
tested in the laboratory.

In laboratory investigations, the packed and
fluidized bed cell configurations which have been
characterized have parallel current and electrolyte
flow [3,16,17].In such arrangements, flow
length is limited by the penetration depth of the
current [17] and a scale-up of the volumetric flow
rate can be achieved only by an increase in the
cross-section. More convenient ways of scaling-up
are provided by crossed current and electrolyte
flow directions. In this way, continuous industrial
processes can be realized and large containers for
circulating liquors can be avoided.

Based on this concept, a new metal containing
waste water purification process was developed
which allows the metal concentration to decrease
with each pass by a factor of 100 or 1000. Specific
flow rates of about 10h™ (volumetric flow rate/
cell volume) are achieved compared to those of
competing processes such as ion-exchange. A
flow diagram of this packed bed electrolysis pro-
cess is shown in Fig. 1; an extended description
has already been published elsewhere [5]. To
obtain a high degree of conversion per pass (up to
0.999) a new packed bed electrode geometry was
employed. It is the purpose of the present paper to
report on the theoretical background of this new
cell design. Also, some simple design equations are
derived and discussed.

2. Basic equations

In general the description of a three-dimensional
electrode with crossed current and electrolyte
flow directions requires an extention of the model
of Alkire and Ng [18] for a concentric cylinder
geometry. Based on the one-dimensional model of
a three-dimensional electrode [17] Equations 1 to
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Using the coordinate definitions of Fig. 2, assum-
ing xp, —> o characterizing the packed bed situation
of the electrode, and applying the ideal tube reac-
tor model [19] yields the following differential
equation system.

Ohm’s law:
d?¢s i[n(x, 1]
= g 4
dx? S XD @)

charge balance:

dg . .
Toxot A, [ 16 )] ax = iv() )
X
ideal tube reactor equation:
de(x,y) in(x, )]
= T 4s . (6)
dy u(y)zF

This is not really a two<limensional model but the
one-dimensional approach in the x-direction is
applied for each possible y as a first-order approxi-

Fig. 1. Flow diagram of the packed bed
electrolysis waste water purification
process.

mation. For the effective conductivity of the
solution, in accordance with Fleischmann {20],
only a porosity and no tortuosity correction was
made. As a further simplification the bed voidage
was assumed to be site-independent. Equation 5
corresponds to Equation 3 but was re-written to
be applicable for x,, > o< also. Radial dispersion is
left out in Equation 6. On the one hand, sharp
concentration profiles in the x-direction can be
obtained for a situation where the current density
is varying with x [21]. This indicates a negligible
radial dispersion. On the other hand we consider
situations where ¢ is independent of x as explained
below.

membrane

feeder //

electrode counter

electrode

Fig. 2. Coordinates for the three-dimensional electrodes.
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Fig. 3. (a) Microkinetic current density potential curve, (b) resulting current density distribution.

Not all current density distributions, i [n(x, »)],
yield a maximum performance of the pbe. An
optimum approach, however, can be gained by the
following consideration. The minimum capital
costs per m>® waste water result if a maximum
waste water related space time yield (m® waste
water per h and 1 cell volume) of the electrolysis
cell is met. By Faraday’s law the space time yield
of the pbe can be calculated

g _ AdB

= 7
Vst AczF (7)
which is related to cell space time yield by the
equation 1
Cr = yEp ———. 8
Ysr ysr 1+ Va/Va (3

Ac is the concentration decrease (moles m™>)
which should be achieved by the purification pro-
cess. As one can see from Equation 8 at a given
volume of the anode compartment a maximum
cell space time yield requires a maximum electrode
yield, and a maximum possible bed volume which
is restricted by the current density distribution
within the electrode. Equation 7, assuming a
diffusion controlled metal deposition (see Fig.
3a), shows the maximum electrode yield

requires a maximum possible value of the

mean current density. This demand is met if, at
each point of the electrode, the full limiting cur-
rent density corresponding to the local concen-
tration is realized.

ifnCx,»)] = igle()].

The same condition results if, for a given cell

©

length, a maximum degree of conversion is
required and radial dispersion is low or negligible.
This is important especially in waste water purifi-
cation applications. If at each point limiting
current conditions are used and the plug flow
model is applied, then de(x, y)/dy in Equation

6 is independent of x. This also means that ¢ and i
are functions of y only, as indicated by the right
hand term of Equation 9. A larger current density
should be avoided since otherwise the current
efficiency becomes less. Assumption of such an
optimum current density distribution means that
the overpotential variation ranges from 1y near
the feeder electrode to n, near the membrane as
depicted in Fig. 3. In practical cases of scaling-up
it may be advantageous to underestimate some-
what this maximum possible potential difference
An to ensure the validity of Equation 9. For the
situation given by Equation 9 at each y the opti-
mum bed depth 4(y) can be calculated in the
same way as previously shown [17]. If one con-
siders ¢ varying with y and dp, and & as a function
of y, one obtains

vdp(P)xAng _ |*°
3(1 = v)z;c;(¥)FK(y)

From Equation 10 the resulting basic geometry of
the pbe cells will be considered below. For a con-
stant particle diameter, d,,(y), the bed depth along
the flow length, y, of the electrode increases corre-
sponding to the concentration decrease within

the cell. 8 is the current efficiency related to
species 7 if more than one electroactive species is
present in the electrolyte. If ¢!, is the total equi-

h(y) = (10)
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valent concentration, then

(11)

The mass transfer coefficient can be calculated
by the dimensionless correlation [22]:

*2)d0) _ 4 (g)"‘” (u(y)dp(y))"-s

(1—9)D D (1—ow
(12)
which can be summarized as
k() = Ku()*Sdy(r)*°. (13)
If b and A are functions of y, flow velocity is
related to flow rate by
Up
u(y) = —2— (14)
63163

and specific electrode surface of a pbe consisting
of spherical particles can be written as

_ 6(1 —v)
o dy(y)

Introducing Equations 13 and 14 into Equation
10, and rearranging leads to:

(15)

B / vxAnB 2/3
") = (3(1—7))2,-Fk')

x ﬂ’—)‘md G)ewy*. (16)
b(») P '
According to Equation 9, introduction of

ilnGx, )] = k(y)e(y)zF, (17)

and Equations 13 and 15 into Equation 6 results

in

de(p) [ 6(1— )k’
dy dp(y)3/2u(y)1/2
Equations 16 and 18 are the basic equations used

in the following to establish the design equations
for different kinds of pbe geometry.

) c(»). (18)

3. Design equations [23,24]

Volume flow rate, vy, is calculated for the elec-
trode entrance plane from Equations 14 and 16
by choosing values for three of the parameters
#(0), (0), and d,(0). At any further point y of
the length coordinate of the pbe the values of

u(y), b(y), h(y) and d,,(y) are related by Equ-
ations 14 and 16. Given two of these, the other

two can be calculated from the properties of the
waste water, the volume flow rate vy, and the
concentration ¢(y). The variation of ¢(y) is given
by Equation 18.

The selection of values for u(y), b(y), h(y) and
dp(y), and which pair of them, is not only a
question of electrochemistry, but also a question
of ease of cell construction. So we consider three
different design cases:

Case 1: Constant flow velocity u(y) = u(0),
and constant particle diameter d,(y) =
dp(0).

Case 2: Constant bed width b(y) = b(0), and
constant particle diameter d(y) = d(0).

Cuase 3: Constant bed width b(y) = b(0), and
linear growing bed depth A(y) = h(0) +
ay.

These three cases are illustrated in Fig. 4. It may
be interesting to apply different cases to different
parts of one cell. For example, case 2 may lead to
such an increase of 2(y) that it is impossible to
construct a cell. So, from a certain point the
design of the cell may be developed further as
shown for case 3 in Fig. 5.

Each of the cases 1-3, together with the basic
Equations 14, 16 and 18, gives a differential
equation for c(y). Inserting the solution of this
differential equation into the basic equations
yields the design equations.

The solutions of the differential equations give
the dependence of the metal concentration on y
and c(0). For a given ¢; let y, be the length of the
cell at which ¢, is achieved,i.e.

¢ = clyy,c(0)].

We can give the solutions of the differential
equations as functions of

v1[e(0), ¢4].

We do so in the following.
Case 1

Differential equation and solution’

T In the calculation, numerical values for the constants
are used as given in Appendix 1. A derivation of the
differential equations is given in Appendix 2.
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Casel Case 2

Fig. 4. Different electrode designs.

de(y) 1
= —2144x103 | ——0r——— 19
dy (dp(0)3’2u(0)”2) ‘) (4
103 c
— d.(0 3/2 0 1/21 Lo .
Y1 = 5 %@ u(0) In (C1 (20)
Design equations ¢ \-1/2
h(y) = 0.0736d,(0)** (X—CA‘*?) u(0)™M* exp (1.072 x 1072, (0y ¥2u (0) V2 ) 3y
YD
b = —— 22
0 = ZonG) @2
Case 2
Differential equation and solution: .
de(») _ 1
_d@ = —2.144 x 1073 x (W) c(0)3c(y)¥3 (23)
P
/3
y1 = 140 x 10%d,(02u(0)V2 {1 — <] (24)
Co

Design equations

Cg 1/3 ,UD 1/6 v -1/2 |-2
h(y) = |5.695 - dp(0)y2( =) —0.715 x 107, (0 (—D) y (25)

b(0) 5(0)

u(0)h(0)

uy) = )

(26)

Equation 25 implies that A(y) = oo for y converging to a certain finite y,. That is why it might be
necessary to apply another design, beginning from a point y <y, as shown in Fig. 5.
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Table 1.
Parameter Cell constructed Cell constructed
according to case 1 according to case 2
Prediction Experimental Prediction Experimental
of the theory result of the theory result
op(lh™) 50 50 50 50
x(S cm™) 0.019 0.019 0.001 0.001
¢, (ppm) 100 100 50 50
¢, (ppm) 1 0.13 0.1 0.02
I(A) 2.07 2.17 3.76 4.1
BM 0.60 0.57 0.56 0.51
U) - 2.5 - 2.0
Case 3
Differential equation and solution:
de(y) 1 h(0)
—= = —2.144x 107® 0 27
dy (dp(0)3/2u(0)”2) < (h(O) + oy @7
) 0 (co—cy) h(0)
= —=exp | 0466 x 103d,(0)*2u(0)/? ~— ——|——=. (28)
Y1 exp p( ) u(O) h(O) Co o
Design equations ~ o\ 1 ey 1
d,v) = 3243[(©0) + oy]u(O)*[——] KO)'® {1—-0.116x 107* - —_—
» xan) "© xan) u@n(op”
ay h(o) 2/3
%1 1+ —=]— .
" [( h(O)) oy )
For ¢ = 0 this converges to:
o) 4/3 13 (—Eg_)z/a 4 ( cfe )—1 1 3 (30)
d = 32.43h(0)"°u(0 1—0.116 x 10™ —_— ) 3
P O O ay xAn/  u(0)h(0)*
u(0)r(0)
= e 31
u@) h0) + oy G1)

Fig. 5. Combination of two kinds of design principles in
one electrode.

Table 1 shows how reliably the theory predicts
practical data.

In case 1, the metal to be recovered was silver
and in case 2 the water was contaminated with
Cu?* jons. The experimental results are better
than the theoretical prediction. An explanation
may be that the particles of the packed bed are
not exactly spherical and vary in shape and magni-
tude. So the real specific electrode surface is
greater than that calculated.

4. Engineering aspects

In all cases the design of the cell depends very
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Fig. 6. Dependence of optimum bed depth on waste water
parameter [u(0) = lem s™, dp(0) = 0.125 cm].

much on the quality of the waste water. Changing
the total equivalent concentration of the electro-
active species ¢t or the conductivity requires a new
design. This is a disadvantage, since:

(1) For construction it is more convenient to
have a finite set of cells.

(2) Often, concentrations in waste waters are
not constant with time. If the cell is designed for
the worst case, it would not be optimal most of
the time. This would imply a loss of volume flow
rate of a cell unit.

(3) Clients ask for test runs and it is not effic-
ient to construct a new cell for each test.

To overcome these difficulties one can adjust
the cell to a variation in the waste water proper-
ties by changing operating parameters and the
particle diameter in a given cell.

By ‘cell profile’ we mean a given cell with
fixed width b(y) and depth A(y) as given in case
1,2 or 3, but with d,(y) still to be chosen. Fora
given waste water, we choose dj,(y) and u(0) (or
the corresponding vy ) in such a way that the
design equatjons of the cell are fulfilled. So with
a finite set of types, one can treat any waste water
over a great range, as if the cell were constructed
specially for a specific case. To overcome the
variation of feed with time clearly this procedure
is impossible. Here the solution will be to con-
struct a loop as shown in Fig. 9. In Fig. 9 the
conduit pipes are given by arrows and the instan-
taneous description of the system is given by the

14

12 +
calculated

working point

6 I | i
5 8 10 12 14

w¥w

Fig. 7. Relative optimum bed depth as a function of the
relative waste water parameter.

volume flow rates and the water parameters in
each pipe. Cleaned water is ‘recycled’ in such an
amount that the cell is working at optimum con-
ditions at any moment.

In the design Equations 21,25 and 29, the

waste water data are always aggregated as

ce

= (32)

W is called the water parameter in the following.
According to Equation 16, for a given u4(0) and
d,,(0), the optimal bed depth at the inlet, 4(0), is
determined by W only. The dependence is given in
Fig. 6. So in each of the three cases vy, is deter-
mined by W. For constant values of b(0), u(0) and
d,(0), it follows from Equations 10 and 14 that

1
vp ~ h(0) ~ (‘0‘5175 .

That is, the greater W, the lower the possible vp,
and one can think of W as a kind of water contam-
ination. If a cell fits for water with a parameter W,
and W > W, , the cell is also suitable for W, , since
one can lower Ap.

The other parameters in the design equations
are:

(33)

Parameters of the cell profile 2(y), b(y).
Operation parameters vp, or the corre-
sponding 12(0).
dy(¥), which one can regard as a variable
construction parameter.

As can be seen from Equation 33 or from Fig. 6
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the bed depth A(0) is not very sensitive to changes
in W. This is demonstrated again in Fig. 7, where a
variation of + 40 % of W is considered. To achieve
a good degree of conversion with a cell, it is nec-
essary for the bed depth to be less than or equal to
h(0), the bed depth which is calculated from the
data W of the waste water. If 2(0) is too great,
some of the water will pass through the cell with-
out being cleaned (right side of Fig. 7).

For a given cell profile

h(y) = 4 exp (By)
as determined by Equation 21 (case 1) and a given
W the values of d,(y) = d,,(0) and «(0) are calcu-

lated as follows: W, d;, and #(0) should fulfill
Equation 21. This implies that

A = 0.0736d,(0)** W2 40)*  (34)
and B = 1.072 x 1073d,(0)>*u(0)™'2. (35)
This is equivalent to
and dp(0) = 0.5834%3B7 V3’3 (36)
u(0) = 0.580x 1054728 'w™. (37)

Because d;, ~ W3, a wide range of W can be
covered by a small change in particle diameter.
For a given cell profile

h(y) = (4 —By)?
as determined by Equation 25 (case 2) and a given
W, the values of d,(¥) = d,,(0) and vy, are
calculated in a similar way. This yields

dp(0)

i

0.509471 g~ V3 /3 (38)
and

0.387 x 1073(0)A*B W™t . (39)

Up

with waste water parameter W
for three given cells of case 2
design.

10,24
:W2

With these considerations, case 3 is the easiest of
all, since given a cell profile

n(y) = h(0)+ oy
b(¥) = b(0).

One chooses d,,() with respect to Equation 29,
whatever W may be.

It is interesting that for cases 1 and 2 the degree
of conversion in a cell does not change if the cell is
adapted to different values of W in the way just
calculated. To see this, one considers Equations 20
and 24. For a fixed cell length y, the degree of
conversion is given implicitly by these equations
and only depends on the product dp,(0)*2u(0)*2.
But it is just this product that remains constant if
the cell is adapted to different values of W, as one
can see, for example, for case 1 from Equation 35.
For case 3, an adaption of a cell to different values
of W does not change the degree of conversion if
dp(0)*?u1(0)? remains constant. (This follows
from Equation 28.)

An example is given in the following of how to
calculate many of the different profiles needed for
a given range of the water parameter W (W, < W<
W2 ):

For a water 1 with: x =0.16 S cm™, 10 ppm
dissolved oxygen and 15 ppm Hg?*, one can make
calculations for a water parameter of W, ~
0.00002 mol ecm™ A™ from Equation 32 (An =
0.44 V for Hg).

For a second water 2 with: x = 0.001 S cm™,
10 ppm dissolved oxygen and 50 ppm Cu?*, one
obtains W, ~ 0.01 mol cm™2 A™ (An~ 028 V for
copper).

Therefore W,/W; = 500.

and
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Fig. 9. Partial recycling of purified water to fit a cell to
different W parameters.

If the particles available for the packed bed
are in the range 0.75 to 1.5 mm in diameter,
Equation 36 (or Equation 38) implies that one
cell profile can be adapted to W differing by a
factor of 8. Since

8 = 512>W~2 >64 = 82
Wy

it is clear that three cell profiles are necessary and
sufficient to cover the range W; to W, (see Fig. 8).

A maximum entrance flow velocity results from
the demand of a certain final concentration and a
reasonable limitation of reactor flow length (see
Equations 20, 24, 28). A lower limitation of
particle diameter is caused since one has to ensure
a well-defined hydrodynamic flow and to avoid
a particle agglomeration in the entrance and outlet
regions. These conditions imply upper limitations
of volume flow rate for a given cell profile:

From
vp = u(y)b(»)h(y)
and
h0) = Aexp(B-0) = 4 (case 1)
hO) = [A—B-0)]? =47 (case 2)
one gets
vp <u(Ohax4 b(0) (case 1)
vp <u(0)yaxA25(0) (case 2).

On the other hand, the volume flow rate of case

1 (or case 2) cell can be calculated from Equations
36 and 37 (or Equations 38 and 39) as a function
of A, B and d,(0).

1
= 2,0y

Therefore, the minimum particle diameter deter-
mines a second upper limit for vy, If one wants
to use the maximum % (0) and the minimum d,,,
then the two upper limits should be equal. The
result is that A and B are not independent of each
other.

Since the concentration of species in waste
waters often varies with time, it may be useful to
provide a possibility of adding a part of the
cleaned water to the original waste water (see
Fig. 9). A cell C constructed for purifying a
volume flow rate v of water with parameter W
has a certain conversion degree

De = [1-2
c o

which is independent of the waste water, when-
ever its parameter is W or less (see the design
equations). So the recycling operation mode only
is necessary if W, > W.

Combining the two waste water streams at
point P, a third stream is generated. With the
assumption of constant conductivity its water
parameter can be calculated from the mass
balance of electroactive species at point P. The
indices of ¢ refer to the number at the conduit
pipes (arrows) in Fig. 9:

fi(4, B); i=1,2

(40)

Since An can be considered as constant, to a close
approximation it follows that

t _ ot t
Cea¥p = Ce1Vp1 t+ ce2(Vp — Up1).

Wop = Wivpy + (1 — Do) W(vp — vpy).
(41)
This is equivalent to
Do
Wi—(1—Dc)W .
Equation 42 describes the dependence of the
system volume flow rate v, for W; > W.

Upy = vpW (42)

Example
ForDgc =099,vp =2001h™, W =0.01 and
W, = 0.02 one gets
Up; ~ 99.51h7.
According to the additional dilution effect of the
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Table 2. Va volume of anode compartement
(cm®)
Element ¢ (ppm) ¢, (ppm) Vs volume of packed bed electrode
(cm?®)
Cu 20 0.07 s o
7n 8.6 0.12 Un volume flow rate (cm®s™)
cd 22 0.61 w water parameter (mol cm™2 A™)
Pd (parallel to Cu®*) 25 0.23 x coordinate parallel to current flow
Hg (parallel to Fe®*, Cl,) 7.2 0.005 (cm)
y coordinate parallel to electrolyte
inlet stream it results in an improved overall degree . flow (cm)
of conversion'of the system: Vst space time yield of the electrode
7t ormdhir?)
_({A=D)W _ 0.995 > Dg. ySr space time yield of the cell (s or
W1 m3 h—1 1_1)
z coordinate normal to current and
5. Technical applications electrolyte flow (cm)
z; charge number (1)
Table 2 gives the results achieved with a pilot plant 8 current efficiency (1)
(case 1 design) for different metals (vp = 501h™) M overpotential near the feeder elec-
[15]. Long-term experience with cells following trode (V)
case 2 design shows the technical applicability of N2 overpotential near the membrane
the theory given here. W)
An n2-11 (V)
Appendix 1 n(x,») overpotential at point (x,y) (V)
ép particle potential (V)
Nomenclature and constants used in the calcu- b5 electrolyte potential (V)
lations: X electrolyte conductivity (S cm™)
Ay specific electrode surface (cm™) Xp particle conductivity (S cm™)
b(») width of the packed bed (cm) Xs electrolyte conductivity (S cm™)
c(») metal concentration (mol cm™) p kinematic viscosity (cm?s™!)
ct total equivalent concentration of slope of the feeder electrode (1)
electroactive species (mol cm™3)
D diffusion coefficient (cm?s™) Appendix 2
D, conversion degree (1) o i ] .
dp() diameter of packed bed particles Derivation of the differential equations.
(cm)
F Faraday number (96487 Asmol™!) ~ Case ]
h(y) bed depth parallel to current flow Replacing &” and v in Equation 18 by the values
direction (cm) given above yields Equation 19.
i(n) current density (A cm™2)
iy, bed current density (A cm™?) Case 2
iglc(¥)] diffusion limited current density
-2 For case 2 one has:
(Acem™)
i mean current density of metal b(y) = b(0)
deposition (A cm™) Ay () = dy(0) (A1)
k(») mass transfer coefficient (cm s™*) ? PR
K 0.8121 x 103 cm 572 Equation 14 implies
o~ cllvoluge®) u(0)6(O)(0) = u()bA)
u(y) flow velocity (cm s™)

v voidage (0.56)

and together with Equation Al:
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1(0)
r(y)

0z c(O)

ce

2/3 vD ~1/3
4 |

¢ (0)] 2/3
o)

Together with Equation Al this gives
h©) _ [e)]*?
i~ 6]
Inserting this into Equation A2 yields
c(»)]¥?
o)

and this together with Equation 18 gives the
differential Equation 23.

u(y) = u(0)— (A2)

Since

Equation 16 implies that:

h(y) = [3(1

xdp(y) [

vXAn
—0)Fk

(A3)
(A4)

u(y) = u( )[ (A5)

Case 3

The assumptions for case 3 are:
b(y) = b(0)
h(y) = h(0)+ oy.
Together with Equation A3, this implies that
h)  dp(y) |c@)]

Combined with Equation A6 and rearranging:

dy(0) [A(0) + oy] 1@} 23

(A6)

(A7)

d =
»O) 1(0) c(0)
(A8)
From Equation A2 it follows that

n(0)

“O) =10 Goyr o

u(0) (A9)

Inserting Equations A8 and A9 into Equation 18
yields differential Equation 27.
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